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Abstract. The Askey- Wilson polynomials are orthogonal polynomials in x = cos 9, which 
are given as a terminating 4 3 basic hypergeometric series. The non-symmetric Askey- 
Wilson polynomials are Laurent polynomials in z — e 10 , which are given as a sum of two 
terminating 4(^3 's. They satisfy a biorthogonality relation. In this paper new orthogona- 
lity relations for single 4^)3 's which are Laurent polynomials in z are given, which imply 
the non-symmetric Askey-Wilson biorthogonality. These results include discrete orthogo- 
nality relations. They can be considered as a classical analytic study of the results for 
non-symmetric Askey-Wilson polynomials which were previously obtained by affine Hecke 
algebra techniques. 
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1 Introduction 

The Askey-Wilson polynomials p n (x;t\q) are polynomials in x = cos 9, and depend upon 
parameters q, ti, ti, £3, and £4. They may be defined by the terminating basic hypergeometric 
series [1], [8, § 15.2] 

Pn(x;t\q)=ti n (t 1 t 2 ,t 1 t 3 ,t 1 t 4 ;q) n4 fo ^t^fhU ' ^ 9 ' ? ) ' 

They are orthogonal polynomials in x, and have a known orthogonality relation (see (2.1)). 

Clearly the Askey-Wilson polynomials are also Laurent polynomials in z = e id , since 2x = 
z + 1/z. One may ask if there is a natural basis for Laurent polynomials in z which also satisfy 
orthogonality relations. The non-symmetric Askey-Wilson polynomials [16, 17] are Laurent 
polynomials, which are biorthogonal with respect to a modified Askey-Wilson weight, are one 
answer to this question. They may be explicitly given as a sum of two terminating basic 
hypergeometric series. 

The purpose of this paper is to use classical analytic methods to study the orthogonality 
relations for single 4^3's which imply the non-symmetric Askey-Wilson polynomial biorthogo- 
nality. The main orthogonality results are Theorems 3.1, 4.1, 4.4, and 4.5. We show that special 
function techniques, explicit summations and self-adjoint operators, may be applied to derive 



*This paper is a contribution to the Special Issue "Superintegrability, Exact Solvability, and Special Functions" . 
The full collection is available at http://www.emis.de/journals/SIGMA/SESSF2012.html 



2 



M.E.H. Ismail and D. Stanton 



these orthogonalities. We explicitly find three and four term relations for Laurent polynomials 
in Section 4. As a corollary of our computations we rederive the L 2 -norm of the non-symmetric 
Askey-Wilson polynomials in Section 6, and reprove the creation type formulas for the Laurent 
polynomials in Section 5. Asymptotics are given in Theorem 9.1, and Racah orthogonality in 
Theorem 10.2. This work may be considered as a classical study of the one variable case in 
Cherednik [6], Macdonald [16], carefully studied by Noumi and Stokman [17], who considered 
many of these results from the point of view of affine Hecke algebras. 

There are different theories of orthogonal polynomials, biorthogonal polynomials and rational 
functions which originate from different types of continued fractions. The J-fractions lead to 
orthogonal polynomials on the line while the PC fractions lead to orthogonal polynomials on 
the unit circle [8, 11, 14, 15]. The theory of T- fractions leads to orthogonal Laurent polynomials 
and is explained in the books [14, 15], and the excellent survey article [5]. Ismail and Masson [9] 
introduced the more general R\ and Rr fractions which naturally lead to biorthogonal orthogonal 
rational functions. A. Zhedanov [21] pointed out the connection of the latter continued fractions 
and the generalized eigenvalue problem [19]. For applications of the R\ and Ru fractions to 
integrable systems, see [18]. There is a more abstract approach to biorthogonality presented 
in Brezinski's monograph [4] with many applications to numerical analysis and computational 
mathematics. 



2 Notation 

Let V n be the (2n + l)-dimensional real vector space spanned by the Laurent polynomials 
{z~ n , z 1 ~ n , . . . , z n_1 , z n }. Most of this section is devoted to notation for specific spanning sets 
in V n . These sets have orthogonality relations given in later sections, we define the appropriate 
measures here. 

We assume throughout the paper that x = cos 9 and z = e lS , and t stands for the vector 
(*ij *2j *3> £4)- We shall always assume that < q < 1 and each tj is real with \ti\ < 1. 
The weight function for the Askey-Wilson polynomials is given by 



Warn fai t 



1 



The Askey-Wilson orthogonality [8, (15.2.4)] is 

1 Z" 1 , , , , dx 



, p m {x;t I q)p n (x;t \ q)w aw (x;t \ q)- 

27T J_ x VI - X 2 

II fo*»ig)n (,^, n ^ M t|q)*m,n, (2-1) 



l< i<fc <4 (*1 W4! q)2n 

while the Askey-Wilson integral evaluation is [3, 8] 



2nJo 17 (t-e* t e-M-o) 1 n fe^oc 

3=1 

The orthogonality relations for Laurent polynomials in V n uses a small variation of the Askey- 
Wilson weight, which is given by 

/ . I \ , ,, Al-h/z){l-t 2 /z) (q,z 2 ,qz- 2 ;q) 

w cher (z;t\q) =w aw (x;t\q) y 



1 — z~ 2 4 4 

U.(tjZ;q) 0O l\(t k /z,qt k - 2 /z;q)c 

j=l fc=3 
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Even though this weight is not positive on the unit circle, and does not lead to a positive 
definite quadratic form, we will define a bilinear form using itfcherO^; t \ q), and find orthogonal 
bases for V n in Sections 3 and 4. 

The orthogonality relations will involve Laurent polynomials in z which may be defined in 
terms of 4^3 functions. We shall need four of these functions: R n , S n , T n , and U n . 

The first polynomial R n {z,t \ q) is an unsealed version of the Askey- Wilson polynomials 



q n ,tit 2 t 3 t 4 q n 1 ,hz,t 1 /z 



tlt 2 ,tit 3 , ti^4 



Rn(z;t\ q) = 403 

Put 5*o (z) = 0, and for n > 1, 

S n (z;t I q) = z(l - t 3 /z)(l - U/z)^ 
T n {z;t\ q) = 403 



(2.2) 



q n ,ht2t 3 t4q n 1 ,tiz,qt 1 /z 
qht 2 ,tit 3 , tit4 



q,q 



q,q 



and Uq(z) = 0, and for n > 1, 



U n (z;t 



[1 - hz)(l - t 2 z)R n - 1 (z;qti,qt2,t 3 ,t 4 



(2.3) 
(2.4) 

(2.5) 



The above representation (2.5) expresses U n as a multiple of a scaled R n . The S n and T n in (2.3) 
and (2.4) can also written in terms of scaled i? n 's as follows 

S n (z;t I q) = z(l - t 3 /z){l - t 4 /z)T n „i(z; t x , t 2 , qt 3 , qU), 
T n (z; t\q)= R n {q- 1 ' 2 z- q 1 ' 2 ^, q l 'H 2 , q' 1 ' 2 ^ <T 1/2 t 4 ) . 

In other words 

S n {z; t\q)=z(l- t 3 /z)(l - t 4 /z)R n ^ 1 {q- 1/2 z; q l ' 2 t u q l l 2 t 2 , q l ' 2 t 3 , q 1 ^) . 
Clearly 

{Ro, . . . , R n , Si, . . . , S n , To, . . . , T n , Ui, . . . , U n } C V n , 

but this set could not form a basis for V n for n > 0. There are very specific dependencies 
amongst these Laurent polynomials which follow from contiguous relations. It follows from 
Proposition 2.1 that for n > 1 the subspace W n = span{i? n , S n , T n , U n } of V n is 2-dimensional. 
Any two of these four Laurent polynomials are linearly independent. 
We need some contiguous relations for balanced 4^3 's. Let 



(a,b,c, d;e,f,g) = 4 03 



a, b, c, d 

e,f,g 



q,q 



denote a 4^3 which is terminating and balanced. By + we mean change a,b, . . . ,g by aq, bq, 
. . . ,gq, respectively, so 0+ is no longer balanced. When a parameter a is changed to aq ±l we 
write 0(a±). Wilson [20] proved contiguous relations which imply 



M -l m\ A, g(a-e)(l-6)(l-c)(l-d) ^ 

g+) " ^ = (l-e )( l- eg ) ( l-/) ( l-,)^ (e+) ' 

a(l-f/a)(l-g/a) A (fr_ e ) (1 _ c / e ) (1 - e)(l - 6c/e) 

' (a— H — 7-. twz —<p{a+,e+) — 



(1 -/)(!-*) 



(l-6)(l-c) 



(l-6)(l-c) 



(2.6) 
(2.7) 
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Proposition 2.1. The following connection relations hold for n>l, 

, \ , , v g _n ) (l - *i*2*3*49™~ 1 ) , , . 

T n ( Z ; 1 1 g) - K(z; 1 1 q) = (1 _ M2)(1 _ gtlt2)(1 _ tlt3)(1 _ M4) ^(,; 1 1 g), 

(1 - ht 3 )(l - hU)Rn{z; t\q)- hS n (z; t\q)= U n _ ' ™ ' \ 3 f- > U n (z; t 1 q), 

*i ,, \ (l-g^Ci-g"- 1 ^) ^ , . 

(1 - *!*3)(1 " hU) bn[Z ' 1 Q) (1 - qn) (1 - tl t 2 t 3 Uq^) ' 9j 

g"(l-M 2 )(l-t 3 *4/g) p , . , , . 

+ 7 w TV -*ln -Z t O = I). 

(1 - 9") (1 - Wa*^"- 1 ) 1 ' ^ 

Proof. The first statement follows from (2.6) with a = t\/z, b = q~ n , c = *i*2*3*49 71_1 , d = t\z, 
e = *i*2j / = *i*3) arid g = t\t±. The third statement follows from from (2.7) with a = t\z, 
b = q~ n , c = *i*2*3*49 n_1 , d = h/z, e = t\t 2 , f = *i*3, and g = t\t 4 . The second statement 
follows from the other two. ■ 

We will also use the Sears transformation [7, (III. 15)], 



q- n ,A,B,C 
493 I D,E,F 



{Ej A, F/A; q) n _ An A ( g-, A, D/B, D/C 



(E,F;q) n " 4<?3 \D , Aq X ~ n / E I F 



9,9 , (2-8) 



where DEF = ABCq 1 n . The Sears transformation (2.8) applied to the i? n and T n functions 
give 

R n (z;t 1 ,t 2 ,t 3 ,t i I q) = ^7^44^V- Rn ( z ' t3 '^ 2 ' tl ' t4 1 1) ( 2 - 9 ) 

*3 1*1*2, *1*4! q)n 

and 

T n (z;t 1 ,t 2 ,t 3 ,t 4 I g) = **^ 2 * 3 ' g |" T n (z; * 2 , *i, *3, *4 | 9)- (2.10) 
t 2 {tits, t\t±\ q) n 

One may also easily see from the definition of R n and S n that 

ft n (l/z;l/t|l/g) =R n (z;t\q), S n (l/z;l/t\l/q) = S n (z;t\q)/t 3 t 4 . (2.11) 



3 Orthogonality relations 

The main result of this section is Theorem 3.1. 

For Laurent polynomials f(z) and g{z) define a bilinear form by 

(f,9)chcT= ~ <f f(z)g(z)w chcr (z;t\q) — . 

2™ / W = 1 Z 

Theorem 3.1. The set {Ro, • • • , R n , U\, . . . , U n } is an orthogonal basis for V n with respect to 
the symmetric bilinear form (, ) c hcr- Moreover, (R m , R m )cher and (U m ,U m ) c ^ er are non-zero. 

The proof of Theorem 3.1 will be accomplished in three stages. We get R n — R m orthogonality 
for "free". We establish in Propositions 3.2 and 3.4 orthogonalities between R n and T m , which 
changes into R n — U m and U n — U m orthogonality. 

First we establish R n — R m orthogonality from Askey-Wilson orthogonality. It is a restate- 
ment of (2.1), which was given in [17, Lemma 6.4]. 
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Proposition 3.2. The orthogonality relation for the R n functions is 
/D „. {l-tit 2 )ti n {q,t 2 t 3 ,t 2 t 4 ,t 3 t 4 ,t 1 t 2 t 3 Uq n - 1 ;q) n 

{Km, -Kn/cher - , x 77 , , , s Ml* I Q) d n 

[t±t 2 , 11I3, C1E4, <?jn(,tlt2r3r4, <Zj2n 

Proof. Rewrite the left-hand side of Proposition 3.2 as 



±- f R m {e i6 ;t\ q)R n (e i6 ;t\ g)u, aw (cos0;t I q f- fa+M+^lJ! ^ 
2-7T J_ 7r / \ 2 suit/ 

1 " *1*2 



/*7T 

/ # m (e ie ; 1 1 g) i? n (e ie ; 1 1 q) w &vl {cos 9; t \ q)d9, 
Jo 



2tt 

since R n (e ie ;t | g) and w; aw are even functions of 9. ■ 

To establish the U n — R m orthogonality we first give an integral evaluation for "gluing" 
a specific Laurent polynomial onto the measure. 

Lemma 3.3. For non-negative integers k and j we have 

If dz 

(t 1 z,qt 1 /z;q) j (t 3 z,t 3 /z;q) k w cheT (z;t\ q)- 



2tt« J\z\=1 z 



{tit 2 hUqi +k -q) 



(t 1 t 2 qi+ 1 ,t 1 t 3 q^+ k ,t 1 Uqi,t 2 t 3 q k ,t 2 t i , t 3 Uq k ; q)^ ' 
Proof. The integral is 

"Hoc (l-t 2 /z){l-qH 1 /z)dz 



Z", z 



2m J\ z \ =l (tiqiz,t 2 z,t 3 q k z,t 4 z,qH 1 /z,t 2 /z,q k t 3 /z,t A /z;q) oo (l - z 2 ) 

This time the rational function in z = e ld in the integrand is 

e ld - (qHi + t 2 ) + tit 2 qie~ ie 
2ism{9) 



(3.1) 



The remaining part of the integrand is symmetric in 9, so only the odd part of the numerator 
in (3.1) contributes. The Askey- Wilson integral evaluation gives the result 



1 f 71 

l-ht 2 q j )— / w aw (cos9;q j ti,t 2 ,q k t 3 ,t 4: \q)d9 
{hhhUqi^-q)^ 



{ht 2 q j+1 , ht 3 q^+ k , hUqi, t 2 t 3 q k , t 2 U, t 3 t A q k ; q)^ ' 
Proposition 3.4. We have the orthogonality relation 

(-^7?i) ^~n)cher — {Rm, Rn)cher^m,n- 

Proof. The proof is done in three stages: m < n, m = n, and m> n. 

Let Ijk be the integral in Lemma 3.3. Using the explicit definition of T n (z;t \ q) we have 



— f {t 3 z,t 3 /z;q) k T n {z;t \q)w cheI {z;t \q)— = > — ^T 1 ^ 

2m J\ z \ =1 z {q,qtit 2 ,tihMU\q)j 



" {q- n Mt2hUq n - l -q) . 

'::_:.] - (q, qtit 2 ,ht 3 , t\U',q)j 

(*iW4g fe ;g)oo , f q~ n , ht^Uq^^qHxh 

{q,qht 2 ,q k tit 3 ,tit 4) q k t 2 t 3 ,t 2 U,q k t 3 U;q) \ ht 3 ,tiht 3 t4q k 
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From the g-Pfaff-Saalschiitz theorem [7, (11.12)], the sum of the above 3 (j) 2 contains a factor 
(q~ k ; q) n which vanishes for k < n. Thus if m < n, then (R m , T n ) c h e r = 0. 

When k = n the the g-Pfaff-Saalschiitz theorem [7, (11.12)] evaluates the above integral to 

1 f dz 

— <b (t 3 z,t 3 /z;q) n T n (z;t\q)w chcr (z;t\q) — 

2 Kl J\ z \ = l Z 



{tit 2 tzUq 2n ]q) 00 {-t l h) n q(2) 



[q n+ ,qtit 2 ,tit 3 , tiU, t 2 t 3 q n ,t 2 Uq n ,t 3 Uq n \ q)^ 

Using (2.9) an explicit computation shows that Proposition 3.4 holds for m = n. 
Next we consider the case m > n. In this case consider the integral 

1 f dz 

I = — <t> (t 1 z,qt 1 /z;q) j R m (z;t\q)w cheT (z;t\q) — . 

2 Kl J\ z \ = l Z 

After using (2.9) for R m , I is a constant multiple of 



£^ (q,ht 3 ,t 2 t 3 ,t 3 t 4 ;q) k hk ' 
Applying Lemma 3.3 we see that the integral I is a constant multiple of 



3<f2 



q- m Mt2hUq m - l ,q>t t h 
ht 3 ,tit 2 t 3 tiq j 



which again by the </-Pfaff-Saalschiitz theorem [7, (11.12)] produces a factor (q J ; q) m and there- 
fore vanishes for j < m. ■ 

Finally we come to the T n — T m orthogonality, and finding the L 2 -norms. 

Proposition 3.5. We have the orthogonality relation 

IT T\ - ( 1 - t l^)(l-^4/g) n , . , 

(im ' in)cher " (l-tlt 2 q")(l-t 3 Uqn-l) q ^^her<W 

Proof. We will use (2.4) and (2.10) to expand the T's, so consider the integral 

1 ( ( dZ 

|s|=i 



. (t 1 z,qti/z;q) j (t 2 z,qt 2 /z;q) k w cher (z;t\q) 

27T2 ./u| = 1 Z 



lit / w / . (z - qH 2 ) (1 - qHi/z) , , dz 

= t, '■ y {tiz,ti/z;q) j {t 2 z,t 2 /z;q) k '—- -w aw (z; 1 1 q) — 

2v^^ J\ z \=i z-l/z z 

= ~ / w^l cos 9;tiq j ,t 2 q k ,t 3 , ti] q)d9 

27r Jo 

= {ht2t3t4q k+ i;q) oo 

(q, t 1 t 2 q^+ k + 1 ,t 1 t 3 q^tit^,t 2 t 3 q k , t 2 t 4 q k , t 3 t 4 ; q)^ ' 

Using (2.4) to sum on j we find 

If dz 
T n (z;t\ q)(t 2 z,qt 2 /z;q) k w cher (z;t\ q)- 



27Ti J\ z \ =1 Z 



{tlt 2 t 3 Uq k ;q) oo tl t 2 t 3 t 4 q n ~\ t x t 2 q k 

(t 1 t 2 q k +\t 1 t 3 , hU, t 2 t 3 q k , t 2 t 4 q k , t 3 t 4 ; q) 3 2 \ qht 2 ,t 1 t 2 t 3 t i q k 



q,q 
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Again the g-Pfaff-Saalschiitz theorem [7, (11.12)] evaluates the 3(^2 as 
(q- k ,q 2 - n /t 3 t A ;q) n 

which vanishes when k < n. This establishes orthogonality for m < n, and the k = n case 
establishes Proposition 3.5 for m = n using (2.10). ■ 

To complete the proof of Theorem 3.1, we switch the orthogonality results for R n and T n to 
results for R n and U n using Proposition 2.1, 

tj _ rp _ r> r _ 9*1 (1 - <T n ) (1 " hhtsUq^) 

{ ~'n — J- n ^n i <^n 



(1 - m 2 )(i - qht 2 ){i - ht 3 ){l - ht 4 ) ' 

The only remaining orthogonality relation we must check is 

(U n , -Rji)cher — C n (T n Rn: ^n)cher — C n ((T n , -Rji)cher {Rni ^n)cher) — 0- 

The value of (U n , U n ) c her, which is non-zero, is found using Proposition 3.5, 

{U n , U n )chcT = C n (T n Rn-, T n -Rn)cher = C n {{T n , T n ) c h er (Rm -R?i)cher) 

= c-J ( (l-ht 2 )(l-t 3 U/q) _ \ 

~ n (1 - ht 2 q") (1 - t 3 Uq^) {Kn ' Kn)cheV - 

4 More orthogonal bases for V n 

In this section we find additional orthogonal bases for V n , see Theorems 4.1, 4.4 and 4.5. We 
also explicitly give three and four term recurrence relations for some of these bases, which are 
the analogues of the recurrence relation for orthogonal polynomials. 
The first result of this section is 

Theorem 4.1. The set {To, . . . , T n , Si, ... , S n } is an orthogonal basis for V n with respect to the 
symmetric bilinear from (, ) c her- Moreover, (T m ,T m ) c her and (S m , S m ) c her are non-zero. 

Proof. Proposition 3.5 gives orthogonality of the T n 's. By Proposition 2.1 there are linear 
dependencies amongst {Rn, U n ,T n }, and {Rn, U n , S n }. So (S m ,S m ), {T m ,T m ), and (S m ,T m ) 
may all be changed to the appropriate linear combinations of i? n 's and T m 's. The results are 
given in the next proposition. ■ 

Proposition 4.2. For all n > 1 and m > we have the orthogonality relations 

{ Sn j T m ) (.hgj. = 0, 

tl(S n , Rm)cher = (1 _ *1*3)(1 — tlt&)(Rn-, Rrn)chev 

For all n> 1 and m > 1 we have the orthogonality relations 

/q q v _ q n (l - M 3 ) 2 (l - tit 4 ) 2 (l - M 2 )(l - hU/q) 

Proof. This follows by direct calculation using Propositions 2.1, 3.4 and 3.5. ■ 
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Corollary 4.3. If n > 1, then for any f 6 V n -i we have 

(Rni /)cher — (Sni /)cher — (-^Jlj /)cher — \^n> /)cher — 0. 

Using Corollary 4.3 one may explicitly give many orthogonal bases using the Askey-Wilson 
polynomials i? n . For example, for the basis 

{i?o, • • • , i?n, . . . , T n } 

of V^, the only pairwise non-orthogonalities involve T m and R m . One can replace these two 
polynomials by orthogonal linear combinations Rm + c m T m and R m + d m T m . The values of the 
constants c m and d m yielding orthogonality can be chosen using Propositions 3.4 and 3.5. The 
non-symmetric Askey-Wilson polynomial of Section 6 are one way of accomplishing this. 

Another such choice corresponds to applying the Gram-Schmidt process to the ordered basis 
{1, z- x ,z x , . . . , z~ n , z n } on V n with ( , ) chcr . 

Theorem 4.4. An orthogonal basis for V n is {Xq, X_ i, Xi, . . . , A_„, X n }, where 

A_ n = (1 - ht 2 ){l - ht 3 ){l - hU)R n -h(l- h^hUq^Sn, n > 0, 
X n = (l- iit 2 )(l - tit 3 )(l - hU)R n + t\t 2 {\ - q n )S n , n > 0. 

Proof. The choice of the coefficients for X_ n allows A_ n £ V n -i(Bsp{z~ n } , while the coefficients 
for X n force (A n , X_ n ) c h er = via Proposition 4.2. An explicit computation shows that all of 
the L 2 -norms are non-zero. ■ 

For the ordered basis {1, z 1 , z~ l , . . . , z n , z~ n } on V n we have an analogous result. 

Theorem 4.5. An orthogonal basis for V n is {Yq, Y_i, Yi, . . . , Y- n , Y n }, where 

Y_ n = q n -H 3 U{l - iii 2 )(l " tlt 3 )(l " hU)Rn -h(l- hhhhq^Sn, n > 0, 
Y n = q n (l - M 2 )(l - ht 3 )(l ~ ht 4 )R n + h(l- q n )S n , n > 0. 

Orthogonal bases from Theorems 4.4 and 4.5 have a three term recurrence relation. 

Proposit ion 4.6. For n ^ 1, there exist constants a n , b n and c n such that 

zX- n (z) = a„X_ n (z) + b n X n (z) + c„A„_i(z). 

Proof. Because X— n has no z n term, zX- n (z) 6 V n and has an expansion 

n 

zX- n (z) = CqXq(z) = y](cjXi(z) + C-iX-i(z)). 

1=1 

By orthogonality, we can find the coefficients 

^ \ZX— n , -X^fe/cher (^-m 2j ^fc)cher 

( Xk , Afc) c her (A"fc , Xk) 

cher 

as long as (Xk, Xk) c hcr ^ (which is true here). The only terms to survive the orthogonality 
are X n , A_ n , and X n -\. The term Xi_ n does not survive because zX\_ n £ V n -\: 

(zX.. n , X\- n/chor — (-^— ni zX\— n/eher — 0- B 

We record two propositions for these recurrences. The coefficients may be found by conside- 
ring specific powers of z on each side, we do not give the details of the computation. 
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Proposition 4.7. The constants in Proposition 4.6 are 

(-h -t 2 + ht 2 {h + h)g' 1 - 1 ) (1 - t 1 t 2 t 3 Ug 2n - 1 ) 
Qn ~ (-1 - ht 2 + hhtst^- 1 + ht 2 q n ) (1 - ht 2 t 3 Uq 2n ~ 2 ) ' 

_ Hi - *2 + M 2 (t 3 + t 4 )g"- 1 ) (1 - WsW 1 " 1 ) (1 - t 3 t 4 g w - 1 ) 

(-1 - i!t 2 + hhhUq™- 1 + tita^) (1 - ht 2 t 3 hq 2n - 2 ) 
= ti (1 - tsUq 11 - 1 ) (1 - ta^g"" 1 ) (1 ~ hhq 11 - 1 ) 

(1 - ti^g™" 1 ) (i - ht 2 t 3 uq 2n - 2 ) 

Proposition 4.8. For n > 1 we have 

~X n — CL n X— n —\ + b n X n -\- c n X— n , 

z 

_ (1 ~ M 2 g") (1 ~ M 3 g")(l - hUq n ) 

h (l - t 3 Uq n ) (l - M 2 £ 3 t 4 g 2n ) ' 

_ Hi - *2 + *l*2(*3 + (1 ~ Wa^g 2 "" 1 ) 

n ~ (-1 - *ii 2 + hhtsUq"- 1 + M 2 9 n ) (1 - ht 2 t 3 Uq 2n ) ' 

(1 - q") (1 - tit 2 g n ) Hi ~ *2 + tit 2 (t 3 + ^4)g w ) 
Cn ~ (-1 - tit 2 + ht 2 t 3 Uq n - 1 + M 2 g n ) (1 - ht 2 t 3 Uq 2n ) ' 

There are four term relations for zX n and -X- n . 
Proposition 4.9. For n > 1, i/iere exist constants a n , b n , c n and d n such that 

zX n (z) = a n y_ n _i(z) + h n X n {z) + c n y_ n (z) + d n X n -i(z). 
Proof. By orthogonality we have 

zX n (z) = a' n X- n ^i(z) + h' n X n+1 (z) + c' n X_ n (z) + d' n X n (z) + eJ,X n _i(z). 
The sixth term X\- n (z) does not appear because zX\- n G V^_i: 

-^1— n)cher — (-^n> ^^1— n)cher — 0- 

Since span{X_ n _i, X n+ \} = span{Yl n _i, Y n+ \}, the first two terms may be written as linear 
combination of Y- n -i and Y n+ i, But zl_„(z) has no z~ n ~ l term, thus only Y- n -i appears. 
Because span{X_ n ,X n } = span{Y_ n ,X n } we can replace X n by Y_ n . ■ 

Proposition 4.10. The constants in Proposition 4.9 are 

_ (1 - Maq") (1 - Msg") (1 ~ hUq n ) (-1 - t x t 2 + hhhUq 11 ' 1 + M 2 <f ) 

*l (l - t 3 tiq n ) (l - ht 2 t 3 t i q 2n - 1 ) (l - tit 2 t 3 tiq 2n ) 
^ g w (-l - Mg + WsUg^ + M 2 g") Hg ~ *4 + t 2 t 3 t 4 g ra + M 3 t 4 g n ) 

(1 - hhhUq 2 "-!) (1 - ht 2 t 3 Uq 2n ) 
_ (1 - g n ) (1 - tit 2 q n ) Hi ~ *2 + *it 2 (*3 + ^g"' 1 ) 

(1 - ht 2 t 3 Uq^- 2 ) (1 - ht 2 t 3 t 4 q 2 "-l) 
= h(l- q n ) (1 - ht 2 q n ) (1 - t^g"' 1 ) (l - ht^ 1 ) (l - hUq^ 1 ) 
(1 - tl^g"" 1 ) (1 - ht 2 t 3 t 4 q 2n - 2 ) (1 - ti t 2 t 3 t 4 q 2n ^) 
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Proposition 4.11. For n > 1 we have 

~X— n = a n X— n — i + b n X— n + c n Y n -\- dnYn—Xi 

z 

__ (1 - ht 2 q n ) (1 - ht 3 q n ) (1 - ht iq n ) (1 - t 3 t 4 g"- 1 ) (1 - hUshq^) 
tl (1 - t 3 t 4 9 n ) (1 - ht 2 UUq^- x ) (1 - ht 2 t 3 t 4 q 2n ) 

h _ q^j-t-s -U + (ti + ^)t3^4g"~ 1 ) (-1 - M2 + htjtsUq^ + tifrg") 
(1 - t^hhq 2 "- 2 ) (1 - hWzUq 2 "- 1 ) 

(1 - t 3 t 4 g"- 1 ) (1 - tiW^"" 1 ) Hi ~ *a + frfrfa + ^)g n ) 
(1 - t^ta*^ 2 "" 1 ) (1 - ht 2 t 3 Uq 2n ) 
ti (1 - Mag"" 1 ) (1 - t 2 t 4 g n - 1 ) (1 - t 3 t 4 g ra - 1 ) (-1 - M 2 + hht^g"- 1 + Mag") 
(1 - tit 2 q n - 1 ) (1 - tit 2 t3t49 2n - 2 ) (1 - hWzUq 2 ™- 1 ) 

The two bases of Theorems 4.4 and 4.5 can be related, using (2.11). To explicitly show the 
parameter dependence we write X n (z; t 1 q) for X n and Y n (z; t \ q) for Y n . 

Proposition 4.12. Ifn>l, we have 

X_„(l/z; 1/t | 1/g) = -Y-n(z;t\ q) / {$t 2 1%lZ<r~ 1 ) , 
X n (l/z; 1/t | 1/g) = -Y n (*; 1 1 q) / {t%hUq n ) . 

Thus three term relations can be explicitly given for zY n and \Y_ n , and four term relations 
for zY^ n and jY n . 



5 The operators A and Ai 

Motivated by operators previously given in Noumi-Stokman [17], in this section we define linear 
transformations Aq and A± on V n . We explicitly find their actions on the possible bases R m , 
Smi T m , and U m . We use the self-adjointness of these operators to give an alternative proof of 
Theorems 3.1, 4.1, 4.4, and 4.5. We describe the eigenvalue problem whose solutions are the 
non-symmetric Askey-Wilson polynomials. We explicitly give the creation operators of Noumi- 
Stokman [17] via the three and four term recurrence relations of Section 4. These results are 
in [17], but we include them for completeness. 
For a Laurent polynomial / E V n , define 

( A ,w n C 1 ~h/z){l -U/z) 

(A f)(z) = (l_ g /32) UW Z ) - f( Z ))i 

and 

(A,/) M= (1 -^-' 2a) (/(!/.)-/(,))■ 

By a direct computation it is easy to see that each Ai is a linear transformation from V n 
to V n . 



Proposition 5.1. Each Ai : V n — > V n is self-adjoint, that is for any f,g E we have 



(Aof, g) c her — (f, A)S)cher> (^l/j <?)cher — (/, -*4lS)chcr- 
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Proof. It is clear that {Aq/, g) c her equals 

1 r (q,z 2 ,l/z 2 ;q) 00 (l-t x /z)(l -t 2 /z) 



' II (tjZ^j/z-^)^ 

(l-t 3 /z)(l-t 4 /z) dz 
(1-q/z 2 ) z 

1 f (q,z 2 ,q 2 /z 2 ;q) dz 
1 ^' ^ [f(q/z) g (z)-f(z)g(z)] a ~ 



' 2| 1 EI (tjZ,Qtj/z;q)oo 
j'=i 

This a difference of two integrals. In the first we let z ^ qj z. A calculation shows that the first 
integral becomes 

1 i {q,z 2 ,q 2 /z 2 ;q) dz 
4 f(z)g(q/z)- 



1*1 ? n(*j2ig*jA;9)°o 

We now deform the above contour to the circular contour \z\ = 1 because the integrand has no 
poles between the contours since each \ti\ < 1. The proof of (A±f, g) c her = (/> ^i<?)cher is similar 
and will be omitted. ■ 

Note that in the proof of Proposition 5.1 we only used the fact that / and g are analytic in 
q < \z\ < l/q. 

Proposition 5.2. The action of the operators Aq and A\ on the functions R n , T n , S n , and U n 

is given by 

MRn) ~ (l-tit 2 )(l-tit 3 )(l-tlt4) " " ° n " l( ^ ~ ' 

, s qh ( q~ n t 1 t 2 t 3 t 4 q n ' 1 ) 

A)(<S„) = (-1 + t 3 U q)S n , Ai(S n ) = - r 9— -U n , 

(1 - qtit 2 ) 

A (U n ) = q' 1 ^ - qttt 2 )S n , AxiUn) = (-1 + ht 2 )U n , 
respectively. 

Proof. These follow by direct term by term application of Aq and Ai to the defining series. ■ 

These relations give another proof of the orthogonality relations in Theorems 3.1 and 4.1, for 
example 

= {Ao(T n ), -Rrra/cher = V^nj J 4o(^m))cher = Oi m (T n , SVn} c her) 
= (^4i(-R n )i f^m)cher = (-Rn; -^l(^m))cher = fim(Rn-i U m )cher- 

From Proposition 5.2 the operators Aq and Ai act on the 2-dimensional space W n spanned 
by {R n , S n , U n , T n }. An elementary computation yields the next two theorems. 

Theorem 5.3. If n > 1, the eigenvalues of (A\ — tit 2 I)(Ao — q -1 ^^ on W n are q~ n and 
tit 2 t 3 t4q n , with corresponding eigenvectors X_ n (z;t | q) and Y n (z;t \ q). 
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Theorem 5.4. If n > 1, f/ie eigenvalues of (Ao — q l t 3 t4 L I^(A\ — t\t 2 I) on W n are q n and 
tit^t^q^ 1 , with corresponding eigenvectors Y- n (z;t \ q) and X n (z;t \ q). 

These two theorems give alternative proofs of Theorems 4.4 and 4.5. For example 

cher 

= (Aq - q- l Ut A l){A 1 - t X t 2 I)X n ) chex 

= t\t 2 t 3 t4q n (X_ n , X n ) c h er 

implying that = (X_ n , X n ) cher - 

Our next goal is to define ladder maps So and §i such that Si maps Y n to X_ n _i, and So 
maps X- n to 1^. If such maps are found, then Y n is an n th iterate of their composition SoSi 
applied to Yq, see Theorems 5.9 and 5.12. 

Maps on W n that interchange the bases elements {X_ n ,Y n } and {X n ,Y_ n } can be defined 
using the commutators of Ai with 

Y = (Ai- ht 2 I) {A - q-%t A l) and Y = (A - q~ X hUl) (^i - ht 2 I). 

From Proposition 5.2 the actions of Y, Y, Aq and Ai are explicitly known on the 2-dimensional 
space W n = span{i? n , S n , U n , T n }. An explicit computation yields the next two propositions. 

Proposition 5.5. For n > 1 we have 

[Y, A,} (X_ n ) = ht 2 q- n {l - hUq n - X ) (1 - h^Uq^Yn, 
[Y,A ](Y- n ) = -q-Hst^l-tzUq^il-htztsUq^Xn, 

and ifn>0, 

[Y, A x ](Y n ) = q~ n (l - q n ) (l - ht 2 q n )X_ n , 
[Y,A ](X n ) = -q- 2n {l-q n ){l-t 1 t 2 q n )Y. n . 

Proposition 5.6. For n > 1 we have 

ry AU R , tl1 l - 2n {^ - I") (1 - W 1 ) (1 - Wj (1 - *1*2 W" 1 ) 

1 ' lK n ' ~ (1 " ht 2 )(l - qt lt2 )/(l - t!t S )/(l - ht 4 ) 

[Y, A^Un) = q~H 2 {l - M 4 )(l - ht 2 )(l - qht 2 )(l - ht 3 )R n , 

[Y, A^Sn) = -q- n t 2 (l - q n ht 2 )(l - ht 3 )(l - hU)(l - hUq^Rn 

, l-2n (1 ~ (1 ~ *l*2g") (1 ~ tzttq"- 1 ) (1 ~ tl^^g"' 1 ) 

9 (1-M 2 )(1-<?W 2 ) 
[y,Ai](T n ) = -q- n ht 2 (l -hhtsUq^Rn 

+ Q l-2n t (1 ~ g") (1 ~ hhf) (1 - (1 ~ t lt2 t 3 t 4 q^) v 

1 (l-iii 2 )(l-<7iii 2 )(l-iii3)(l- tit4) 

We see from Proposition 5.5 that the commutator So = [^^i] does map X_ n to Y n . To 
define an appropriate Si, we need another pair of operators. 
We define operators Ti,T 2 : V n — > V n +i by 

{T\f){z) = + (f 2 f)(z) = z((A f)(z) + /(*)). 
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Proposition 5.7. The action of T\ on Y n and X^ n is given by 

t (v \ - iiz qntlt2 ) - qntlh ) & ~ g " tlt4 ) y , {ti + t 2 -g n tMh + U)) v 
ifn>0 and 

f,y S _ ^-1 *1*2 (~*4 + t 3 ( ~ 1 + g"^! + *2)*4)) 

(-1 + gA" ± ^ii 2 i3*4j 

ffl 2 (l ~ g"" 1 ^) (1 ~ g""" 1 ^) (1 - g"" 1 ^) 
+ (1 - qn-Hth) (-1 + q^-^hhhU) 

i/n > 1, respectively. 

Proof (sketch). Note that 2\ = \{A\ + I). The action of A\ on any element of W n is given 
by Proposition 5.2. The action of division by z is given by Propositions 4.8, 4.11, and their Y 
versions. Thus Ti(Y n ) and Ti(X_ n ) may be given explicitly. ■ 

From Theorem 5.3 we know that Y n and X_ n are eigenfunctions of Y, and can obtain Propo- 
sition 5.8 from Proposition 5.7. 

Proposition 5.8. For n > we have 

. s (l -M 2 g n )(l -ht 3 q n )(l -tit 4 g") 

[ 1U n) hq^il-hUq") 

, , 9 (l-*2*3g n Hl-*2*4g n )(l-*3*4g n ) 

q n+L {l - t\t 2 q n ) 

Finally we define Si = [Y, 7\], which maps Y n to X_ n _i. The next theorem is Proposition 9.3 
in [17]. Recall that Yq = (1 — £1*2) (1 — ^1^3) (1 — M4) is a constant. 

Theorem 5.9. We have 

c n Y n = (S Si) n (Fo), <WT-„-i = Si(s Sir(y )- 

where 

Cn = (-t 2 ) n g" n(n+1) (tlt2,tlt3,tli4,ilW4;g)n, 

= -(-t2)"g _(n+1)2 (ilt2,tlt3,ili4;g)n+l(tlW4;g)nAl(l "M4g"). 

Completely analogous results hold for 

T 2 , S 2 = [Y,M S 3 = [Y,f 2 ], 
which we state below. Note that Proposition 5.5 shows that S 2 interchanges Y_ n and X n . 
Proposition 5.10. For n > we have 

f(Y \ = *3+*4~ *3*4g ra (*l+*2) y (1 ~ g"M 2 ) (1 - g"tit 3 ) (1 - g"tit 4 ) 

21 (l-g 2 "M2^4) ^ tlg"(l-g"t 3 t4)(l-g 2 ^lW4) n_1 ' 

fry s_ fffn n (l- 1 n t2t 3 ) (1 ~ q n t2U) (l - g^fr) 

J 2 (y_ n _lJ - iii 3 t4g 77 w 2 x X- n 

(1 - g n tit 2 j (1 - q 2n tit 2 tzU) 

, (*2 + tl-*l*2g W (t3 + *4)) 

(1 - q 2a tit 2 t 3 t A ) 
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The map S3 = [Y, T2] interchanges X n and Yl n _i. 
Proposition 5.11. For n > we have 

r s (i-tit 2 g n )(i-tit3g n )(i-tit4^ n ) 

(1 - M2<? n ) 

Recall that Xo = (1 — iii2) (1 — £1^3) (1 — ^£4) is a constant. 
Theorem 5.12. T^e have 

e n X n = (S 2 S 3 ) n (X ), UY-n-! = S 3 (S 2 S 3 ) n (X ), 

where 

fn = (-hU/UYq-^^Xt^Mh^t^q^it^t^ 

Since any two elements from {X ni X_ n , Y n , Y_ n } form a basis for W n , any element of W n has 
several such formulas. 

6 Non-symmetric Askey— Wilson polynomials 

The non-symmetric Askey-Wilson polynomials may be defined as the eigenfunctions given in 
Theorem 5.3, namely 

{Y ,Y 1 ,...,Y n ,...}U{X. 1 ,X- 2 ,...,X. n ,...}. 

This set of Laurent polynomials also satisfy an biorthogonality relation which follows from 
Theorems 4.4 and 4.5. 

Define a new bilinear form on V n by 

1 f dz 

(/, 5)chcr' = 7T~ <f f(z)g(l/z)w chcT (z; t\q)- 

Put 

P m (z,t\ q) 



Y m (z,t\q) if m > 0, 
X m (z, t\q) if m < 0, 



andi^(*,t|g)) = P m (z,l/t|l/g). 

The biorthogonality relation with respect to this bilinear form [16], [17, § 6.7] is 

Corollary 6.1. For m ^ n, (P m , P^) chei / = 0. 

Proof. We use Proposition 4.12 to change the bilinear form ( , ) c h er ' to ( , ) c hcr- For example, 
if m, n < 0, m ^ n, then 

(X m , X' n ) chel i = —{X m ,Y n ) c ^ er /{t\t2t\t\q n 1 ) = 0, 

while if m < and n > 

(^m,Y^) cher ' = —(X m ,X n ) c h er tlt2t3t4 : q n = 0, 
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The only term which requires checking is for n > 0, 

(Y n ,X'_ n ) chei i = —{Y n ,Y- n ) c h cr /(tlt2tltlq n x ) = 

and 

(X-n, ^n,)chor' = ~~ (X-n , X n ) c h cr t\t2t\t\q n = 

by Theorems 4.4 and 4.5. ■ 

The L 2 -norms may also be found. 
Corollary 6.2. We have for n > 0, 

(Y n ,Yn)cher' = ~~ Q U (Rn, -Rra)cher/(*1*2*3*4) 

(1 - M 2 )(l ~ ht 2 q n )(l - M 3 ) 2 (l - M 4 ) 2 (l ~ hhtsUq 2 "- 1 ) 
(1 - hhhUq™- 1 ) 

(X- n , X'_ n ) chcJ .r = —t\t2t\t\q l n (R n , R n )cher 

(1 - tit 2 )(l - hUq^ 1 ) (1 - tit 3 ) 2 (l ~ tit 4 ) 2 (l ~ t^hUq 2 ^ 1 ) 

Proof. Using Proposition 4.12 we have 

(Y n ,Y^) cher i = — q a (Y n ,X n ) c T aer /{t\t2tztA), 

and (Y n ,X n ) c her may be found using Theorems 4.4, 4.5 and Proposition 4.2. The proof for 
(X- n ,X'_ n ) chel i is similar. ■ 

Koornwinder and Bouzeffour [13] gave a positive definite orthogonality relation for the non- 
symmetric Askey-Wilson polynomials. 

Macdonald [16, (6.6.8), p. 167] gives an expression for P m (z;t\q) as linear combination of 
R m (z;t | q) and T m (z;t \ q). This is equivalent to the Noumi-Stokman expression using Propo- 
sition 2.1. 

Another [17, § 6.8] biorthogonal pair of bases with respect to ( , ) c h er ' is given by the bases 

{Ro, . . . , Rn, Ui, . . . , U n } and {R' Q , . . . , R' n , U[, . . . , U' n }. 
The U n (z;t \ q) are the anti-symmetric Askey-Wilson polynomials. However since 

R n (l/z;l/t\l/q) = R n {z;t\q), U n (l/z; 1/t 1 1/q) = U n (z;t | q)/t x t 2 , 
this orthogonality is equivalent to Theorem 3.1. 

7 Askey— Wilson orthogonality 

One may ask if there are orthogonality relations for a basis of V n using the Askey-Wilson weight. 
By symmetry, one could take 

{R , ...,Rn,(z- 1/z), (z - l/z)R 1 , ...,(z- l/z)R n ^}. 

We include a partial result in this direction. 
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Theorem 7.1. We have the orthogonality relation 

1 f dz 

— (b R m (z;t\q)T n (z;t\q)w aw (x;t\q) — 

27 ™ J\ z \ = l Z 

2 n (¥*;*)« 2< fi <4 (j fc,9)nW ' 

for m>n. 

Proof. Consider the integral 

1 f dz 

— <b R m (z;t\q)(t 1 z,qti/z;q) k w aw (x;t\q) — , 
2m J\ z \ =1 z 

for < k < n. The integral vanishes when k = by (2.1), so we assume k > 0. Write 
(tiz,qt\/z;q)k as (1 — t\z)(l — t\q k /z)(qtiz,qt\/z;q)k-i- Therefore the above integral is 

j R m {e id ; 1 1 q) (qhe' , qhe^ 9 ; q) ^ [l - t x (l + cos + t?^] u; aw (x; 1 1 g )d0, 

which vanishes for k < m by (2.1). If k = m the above integral is 
l + q n r* 



47T 



/7T 
i? m (e ie ; 1 1 g) (t ie id , t^ 6 ; q) n w^(x; t \ q)d0 
-7T 

l+q n (q,t 1 t 2 ,t 1 ,t 3 ,t 1 t4;q) n 



R 2 m {e l0 ) WsLW (x;t\q)de, 



4vr q n (q- n ,t 1 t 2 t3Uq n - 1 ;q) j 
and the result follows from (1.1), (2.1) and (2.2). ■ 

8 Recurrences 

In this section we record three term recurrence relations satisfied by R n , S n , T n and U n . The 
three term recurrence relation for R n is the Askey- Wilson recurrence relation [12, (3.1.4)] 

[z + l/z]R n (z; 1 1 g) = A^R n+1 (z; t\q) + C^R n ^(z; t 1 q) 

+ [-A$ - CM + h + 1/h] R n (z; 1 1 q), 

where 



c (r) 



(1 - hhhUq* 1 - 1 ) ]1 (1 - 

- ti^is*^ 2 "" 1 ) (1 - ht 2 t 3 Uq 2n ) ' 

*i(i-9 n ) 11 (l-W 1 ) 

2<j<fc<4 

(1 - t^tsUq 2 "- 2 ) (1 - t^hUq 2 ™- 1 ) ' 

The three term recurrence relation for T ra is 

[z + q/z]T n (z;t\ q) = A$T n+1 (z;t \ q) + C^T n ^(z;t\ q) 

+ [-A® - C® + qh + l/*i]T n (jK;t| g), 
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with n > 0, where 

(1 - hhtsUq™- 1 ) (1 - ht 2 q n+1 ) n (1 - 



tl(l - hWsUq 2 "- 1 ) (1 - ht 2 t 3 Uq 2n ) 
qh (1 - g") (1 - hUq n ~ 2 ) J] (1 - t^g™" 1 ) 



(1 - ht 2 t 3 Uq 2n - 2 ) (1 - M 2 t3*4g 2n - 1 ) 
On the other hand the three term recurrence relation for U n is 

[z + q/z]U n (z;t\ q) = A^U n+1 (z;t\ q) + C(«>i7 ft _i(*;t | g) 

+ _ + gt! + g-Vti] 17„(*; t|gr), 

with n > 1, where 



(1 " ht 2 t 3 Uq n ) (1 - t^g"* 1 ) II (1 - tltjq") 

A (u) = tl 

qh (1 - t 1 t 2 t 3 Uq 2n ~ 1 ) (1 - ht 2 t 3 hq 2n ) 

rM _ gti (i - g- 1 ) (i - hhf) (i - t 3 t 4 g"- 2 ) A , n _ ly n 

Ci (i-M 2 t 3 ^- 2 )(i-M 2 t 3 t 4 g— ) Ht 1 -^ )• 

Finally the three term recurrence relation for S n is 

[q-^z + q l l 2 /z\R n {z ] 1 1 g) = A^ii n+1 (z; 1 1 g) + C( s )i? n _i(z; 1 1 g) 

+ [-4 s )-C( s )+f 1 + lA 1 ]i? n (z;t|g), 

and the coefficients are given by 

(l - ti W 4 g n ) n (i - ht jq n ) 

A (s) = iz? 

ti (l - ti^ts^g 2 ™" 1 ) (i - ht 2 t 3 t A q 2n ) ' 

*i(i-g n ) EI (i-t^g™- 1 ) 

= 2<j<fc<4 

(1 - ht 2 t 3 t 4 q 2n - 2 ) (1 - hhhUq 2 ^ 1 ) ' 

9 Asymptotics 

Consider a general balanced terminating 4^3, 

7, g^) , with ABC = DEF. 
Since the 4^)3 is symmetric in B and C we may assume 

\b\<\c\. 

Ismail and Wilson [10] determined the large degree asymptotics of the Askey-Wilson polynomi- 
als. When \B\ < \C\ their result is 



403 



q- n ,Aq n -\B,C 
D.E.F 



493 



- n ,Aq n ~\B,C 
D,E,F 



18 



M.E.H. Ismail and D. Stanton 



On the other hand when \B\ = \C\ we let B/C = e 2i8 and in this case the Ismail-Wilson 
asymptotic result is 



4<P3 



1,qj = [l + 0(<f /2 )] 



- n ,Aq n ~\B,C 
D,E,F 

C n (B, D/C, E/C, F/C; qU + B n (C, D/B, E/B, F/B; q) c 



(B/C,D,E,F; (C/B,D,E,F; 
We now record the asymptotics of R n , S n , T n and U n . 
Theorem 9.1. For \z\ = 1 the following asymptotic formulas hold 

4 

H(t 1 t r , q ) 00 R n (z;t)=(j\ 3=1 [1 + 0(0] 

j=2 ^ ' V ' "/oo 

4 

EI (tj/z;q)oo 

4 

(^ _2 ;«) 00 n {ihtj\q)oo 

m : / J : 2 / : / x ^(^; t) = i?" 1 ^ [l + O (<f /2 )] , 
{qti/z,qt2/z,t 3 /z,t A /z;q) O0 

4 

(^" 2 ; 9)00(9*1*2; g)oc n(*i*j;9)oo 

^ T n (z; t) = (t^)™ [1 + 0(? n/2 )] , 

EI (9*i/^,*j+2/^;g)oo 

4 4 
n(9Mj;9)oc j ll(*j^;9)oo 

4 

(i-M)(i-t 2 z) n(*iA;9)oo 
l 1 /^ 2 ; 9)^(1 -h/z)(i -t 2 /z) 

10 Discrete orthogonality 

The Askey- Wilson polynomials have a discrete orthogonality, the g-Racah orthogonality [2, 12], 
when t\tj = q~ N , for some j = 2,3 or 4, and for some positive integer N. In this section we 
give the corresponding discrete orthogonality for the Laurent polynomials. This may be done 
by deforming the contours, we do not give the details. 

The g-Racah measure for the Askey- Wilson polynomials is purely discrete and based upon 
the very well poised terminating 6<fe evaluation [7, (11.20)] 

(*l,*l*2>*l*3)*l*4;9)fc l — t\q 2k ( q 



, (q,qti/t2,qti/t 3 ,qti/t4;q)k I-* 2 \*i*2*3*4 

_ (9*1, 9*1 7*2*3, 9* 2 /*2*4, 9*j/*3*4j 9)^ 
(9*l/*2, 9*l/*3, 9*l/*4, 9/*l*2*3*4! 9)oo ' 



(10.1) 
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Using 

1 r^f = (i-mi-t^ -^ 1 - **) £ - qkh/t ^ + ^ - ^ ^ - ht2qk » 

one can rewrite the left side of the 605 evaluation (10.1) as a sum of two 4^)3 's 

ys (q%,qtitr,q) h _ 1 (tit3,tiU;q)k f q \ A ,_ f f ^ 
£^ (qti/t2,q;q)k-i(qh/t3,qti/U;q)k \ht2t3t4 J 1 2 

EiqtUhhMhMt^q 



. (qti/t 2 , qh/h, qtx/U, q; q) k \t1t2t3t4 

Definition 10.1. If t\tj = q~ N for some positive integer N, the Racah bilinear form on Vn is 
defined by 

, A {qtj,qtit2;q) k _ 1 (t 1 t 3 ,t 1 t 4 ;q) k ( q \ k . fcw fc . 

f-f 1 {qh/t2,q;q)k-i{qh/t3,qti/t4;q)k \ht2t3Uj 

f-f (qti/t2,qti/t3,qt l /t 4 ,q;q)k\tit2t3t4j { ' )K ' J ' 
Theorem 10.2. If tit j = q~ N for some positive integer N and j = 3 or A, then 

{Ro, ■ ■ ■ , Rn, Ui, . . . , Un}, {To, ■ ■ ■ , Tv, Si, ... , Sn}, 
{X- N ,...,X ,Xi,...,X n } and {Y_ N , . . . ,Y ,Yi, . . . ,Y N } 

are Racah- orthogonal bases for Vn- 

If tit2 = q~ N , the Racah bilinear form contains a zero term: the k = N term in the second 
sum is due to {qtit 2 ;q)k- in this case Un and T/v are not well-defined. A slight modification 
of Theorem 10.2 can be formulated, we do not give it here. 
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